Abstract: This paper investigates the problem of the effect of delayed impulses on stability of impulsive time-delay systems. Two types of delayed impulses are considered, that is, the destabilizing delayed impulses and the stabilizing delayed impulses. Under the assumption of bounded impulse input delays, Lyapunov-type sufficient conditions for stability of nonlinear time-delay systems are derived for each type of delayed impulses. Numerical results are presented to confirm the usefulness of the theoretical findings.
INTRODUCTION
It has been well recognized that impulse phenomena exist in many real evolution processes in which states are changing abruptly at certain time instants. Such evolution processes can be modeled adequately by impulsive systems that are typically described by ordinary differential equations with instantaneous state jumps. The stability of impulsive systems has been an active area of research over the last twenty years with many available results (see, for example, Bainov & Simeonov [1989] , Yang [2001] , Li, Soh & Xu [1997] , Li, Wen & Soh [2001] , Hespanha, Liberzon & Teel [2008] , Chen, Wang, Tang & Lu [2008] , Liu [2008] and the references therein).
Impulsive systems with time-delay describe the models of practical processes where both dependence on the past and instantaneous disturbances are observed. The interaction between the impulsive effects and the time-delay makes it rather difficult to analyze stability of such systems. During the past fifteen years, there has been a growing research interest in the stability of impulsive time-delay systems, which has yielded many important results (see Anokhin, Berezansky & Braverman [1995] , Guan [1999] , Liu & Ballinger [2001] , Wang & Liu [2005] , Yang & Xu [2007] , Liu, Shen, Zhang & Wang [2007] , Khadra, Liu & Shen [2009] , Chen & Zheng [2009a,b,c] ). In spite of this, the present research in this area may still be insufficient. In particular, the stability problem of impulsive time-delay systems with delayed impulses has received little attention so far. Delayed impulses stem from the fact that input ⋆ This work was supported in part by the National Natural Science Foundation of China under Grant 60864002 and in part by a research grant from the Australian Research Council.
delays are often encountered because of transmission of the measurement information. The existence of impulse input delays may be the source of instability or serious deterioration in the performance of the closed-loop impulsive system. In control engineering practice, there are two types of delayed impulses: one type is that the impulses are destabilizing, i.e., the delayed impulses may destroy the stability of the underlying system; the other type is that the delayed impulses are stabilizing, i.e., the stability of the entire system may depend on the delayed impulse effects. For each type of impulses, there are two kinds of input delays: the first kind is that all the input delays are sufficiently small and their upper bound is known, while the second kind is that their upper bound is unknown or may be very large.
Recently, in Liu, Shen, Zhang & Wang [2007] , Khadra, Liu & Shen [2009] , the stability problem of some particular classes of impulsive systems with stabilizing delayed impulses was studied. In Khadra, Liu & Shen [2009] , the asymptotic stability was investigated for a class of delayfree autonomous systems with linear delayed impulses of the form
where {t k } is an impulsive time sequence and d k are impulse input delays. A sufficient asymptotic stability condition involving the sizes of impulse input delays was derived. However, that result requires the exact information about the relationship between the impulse input delays and impulsive times, which makes the obtained stability condition very complex, especially when either the impulse input delays or the lengths of impulse intervals are not fixed. Besides, the state delay was not taken into account in Khadra, Liu & Shen [2009] . Although a stability criterion for a class of nonlinear time-delay systems with stabilizing nonlinear delayed impulses was established in Liu, Shen, Zhang & Wang [2007] , the obtained criterion cannot deal with the delayed impulses with the form of (1). Moreover, the result in Liu, Shen, Zhang & Wang [2007] requires that both the state delays and the impulse input delays be less than the minimum length of impulse intervals, which may induce some conservatism.
The objective of the present paper is to study the problem of exponential stability of nonlinear time-delay systems with more general delayed impulses which include the linear delayed impulses of the form
as a special case. We will deal with both destabilizing delayed impulses and stabilizing delayed impulses, and derive the corresponding Lyapunov-type sufficient conditions for exponential stability, respectively. Moreover, for each type of impulses, our new sufficient conditions for exponential stability cover two different cases of impulse input delays.
For the first set of sufficient conditions, our aim is to ensure the robust exponential stability of impulsive timedelay systems in the face of small impulse input delays. On the other hand, for the second set of sufficient conditions, under the assumption of the sufficiently smallness of the magnitude of the delayed impulses, our purpose is to warrant the exponential stability of impulsive time-delay systems irrespective of the sizes of the impulse input delays. The effectiveness of the developed theoretical results will be demonstrated by a numerical example.
PROBLEM STATEMENT
Let N denote the set of positive integer numbers. I stands for an identity matrix and λ max (·) represents the maximum eigenvalue of a symmetric matrix. | · | denotes the Euclidean norm for vectors or the spectral norm for matrices. For r > 0, let P C([−r, 0], R n ) denote the set of piecewise right continuous function φ : [−r, 0] → R n with the norm defined by φ r = sup
respectively. For a given scalar ρ ≥ 0, let B(ρ) = {x ∈ R n ; |x| ≤ ρ}.
Let D ⊂ R n be an open set and B(ρ) ⊂ D for some ρ > 0. Given functionals f :
we consider the nonlinear time-delay system with delayed impulses described by the state equationẋ
where x(t) ∈ R n is the system state,ẋ(t) denotes the righthand derivative of x(t). d k ≥ 0 are the impulse input delays satisfying
t 0 ≥ 0 is the initial time, and {t k } is a strictly increasing sequence of impulsive times in (t 0 , ∞) and satisfies lim
is the initial function of the state. Here we assume that x(t + ) = x(t), i.e., the solutions of system (2) are right continuous. Moreover, we make the following assumptions on system (2).
(A 5 ) There exist nonnegative bounded scalar sequences
It is shown in Ballinger & Liu [1999] that under As-
Definition 1. For a given impulsive time sequence {t k }, the trivial solution of system (2) is said to be Exponentially Stable (ES) if there exist positive scalars ρ 0 , M , and λ such that
For illustration simplicity, system (2) is said to be ES if its trivial solution is ES. Definition 1 depends on the choice of the impulsive time sequence. However, it is often of interest to characterize ES over classes of impulsive time sequences. We say that system (2) is uniformly ES over the class of S (of admissible impulsive time sequences) if for any {t k } ∈ S the condition (3) is satisfied with the same ρ 0 , M and λ. For a given β > 0, we use notations S min (β), S max (β), and S all to denote the class of impulsive time sequences that satisfy
the class of impulsive time sequences that satisfy
and the set that contains all impulsive time sequences, respectively.
THE EFFECT OF DELAYED IMPULSES ON STABILITY
In this section, we will derive Lyapunov-type sufficient conditions for exponential stability of the nonlinear timedelay system (2) with delayed impulses.
To proceed, we give the following lemma which provides an estimate of the solutions of system (2) on the interval
Note that the proof of Lemma 1 is omitted due to limited space.
Lemma 1. Consider system (2) satisfying assumptions (A 1 )-(A 5 ). Assume that {t k } ∈ S min (β 0 ), and
Theorem 1. Consider system (2) satisfying assumptions (A 1 )-(A 6 ). Assume that the impulsive time sequence {t k } ∈ S min (β), and there exist a function V : [−τ, ∞) × B(ρ) → R + which is locally Lipschitz, positive scalars a, b, c, p
and all x, y ∈ B(ρ) satisfying x + y ∈ B(ρ).
If there exists a scalar d ≥ 0 such that
where l is a nonnegative integer satisfying lβ ≤ d < (l + 1)β, then system (2) is ES for any impulse input delays
Proof. By condition (4), there exist scalars λ ∈ (0, min{c, ln κ r }) and σ > 0 such that
Set ̺ = (1 +h) l+1 e K1d and choose δ ∈ (0, (
Suppose that x(t) = x(t, t 0 , φ) is a solution of (2) satisfying x t0 = φ, and let [t 0 − τ, T ) with T > t 0 be its maximal interval of existence. By Lemma 1, we have
We will prove that T = ∞ and
where ̺ 0 = b̺ p . Without loss of generality, we assume that the impulsive time sequence on (
. Without loss of generality, we assume that k ≥ 1. We claim that for s ∈ [t 0 − τ, t k ), we have
We first prove that (7) holds for s ∈ [t 0 − τ, t 1 ). Observe that (7) holds for s ∈ [t 0 − τ, t 0 + d]. So if (7) is not true for t ∈ [t 0 − τ, t 1 ), then there exists t
which contradicts D + W (t * ) ≥ 0. So (7) holds for s ∈ [t 0 − τ, t 1 ).
Next under the assumption that (7) holds for s ∈ [t 0 − τ, t m ), where m ∈ {1, 2, . . . , k − 1}, we will prove that (7) holds for s ∈ [t m , t m+1 ). Toward this end, we first use the method by contradiction to show
Assume that W (t − m ) > σ̺ 0 φ p . We examine two possible cases.
. Integrating this differential inequality over [t m−1 , t m ) and using W (t m−1 ) ≤ ̺ 0 φ p gives
which contradicts
Thus in either case, we lead to a contradiction. Thus, (10) holds. On the other hand, it is noted that {t k } ∈ S min (β), and lβ ≤ d < (l + 1)β. So for any positive integer k, there are at most l impulsive times on
. (13) By (A 4 )-(A 5 ) and (13), we get
Using (H 1 ), (H 3 ), (H 4 ), (5), (10), and (14), we obtain
So if (7) does not hold for s ∈ [t m , t m+1 ), then there exists
Repeating the argument used in the proof of (9), we get D + W (t * ) < 0, which contradicts D + W (t * ) ≥ 0. Hence, we have proven the claim that (7) is true for s ∈ [t 0 − τ, t k ) by mathematical induction. Now let us prove that
First, given that (7) is valid for s ∈ [t 0 − τ, t k ), similar to the proof of (10), we can get W (t − k ) ≤ σ̺ 0 φ p . Then applying the same argument as made in the proof of (15), we can show
Then using the same argument as made in the proof of (9) will lead to a contradiction. Thus, (16) is valid, or equivalently (6) is valid. Finally, it follows from the continuation theorem in Ballinger & Liu [1999] that T = +∞, and thus system (2) is ES by (H 1 ).
2 Remark 1. Note that the hypothesis (H 2 ) is a LyapunovRazumikhin type stability condition (see, for example, Kolmanovskii & Myshkis [1992] ), which is adapted here to provide exponential stability conditions.
Remark 2. From the proof of Theorem 1, it can be seen that if d = 0, i.e., there are no impulse input delays, then the hypothesis (H 4 ) may be removed and the corresponding condition (4) can be replaced by ν max e −cβ , 1/κ < 1. Theorem 1 shows that if this condition is strengthened to be L 1 ν max e −cβ , 1/κ < 1, then the stability of system (2) is robust with respect to small impulse input delays. Further, the allowable upper bound of impulse input delays can be calculated from (4).
Remark 3. To achieve robust stability with respect to small impulse input delays, the Lyapunov function V (t, x) is required to satisfy condition (H 4 ). It is worth pointing out that for any positive definite matrix P , the Lyapunov function V (t, x) = V (x) = (x T P x) p/2 satisfies condition (H 4 ). In fact, for any ε > 0,
Conditions (H 1 )-(H 2 ) in Theorem 1 imply the continuous dynamics in impulsive system (2) are stable. So Theorem 1 provides a Lyapunov-type sufficient condition under which the stability of the underlying system can be retained in the presence of delayed impulsive perturbations.
The next theorem considers another situation when the continuous dynamics may be unstable and the stability of the entire system is determined by the delayed impulse 
where l is a nonnegative integer satisfying
Theorem 1 and Theorem 2 establish robust stability conditions for impulsive time-delay systems with respect to small impulse input delays. When the magnitude of the delayed impulses is sufficiently small, we can develop stability conditions irrespective of the sizes of impulse input delays. To this end, we need to replace assumptions (H 3 )-(H 4 ) with the following assumption.
, for all t = t k and x, y ∈ B(ρ/(1 +h)).
Theorem 3. Consider system (2) satisfying assumptions (A 1 )-(A 3 ). Assume that the impulsive time sequence {t k } ∈ S min (β), and there exist a function V : [−τ, ∞) × B(ρ) → R + which is locally Lipschitz, positive scalars a, b, c, p ≥ 1, κ > 1, nonnegative bounded scalar sequences {ν 0k } and {ν 1k }, such that (H 1 ), (H 2 ) and (H 5 ) hold. If
then system (2) is ES for any bounded impulse input
Theorem 4. Consider system (2) satisfying assumptions (A 1 )-(A 3 ). Assume that the impulsive time sequence {t k } ∈ S max (β), and there exist a function V : [−τ, ∞) × B(ρ) → R + which is locally Lipschitz, positive scalars a, b, p ≥ 1, κ > 1, scalar c ≤ 0, and nonnegative bounded scalar sequences {ν 0k } and {ν 1k }, such that (H 1 ), (H 2 ) and (H 5 ) hold. If
The proofs of Theorem 3 and Theorem 4 are similar to those for Theorem 1 and Theorem 2, so they are omitted here.
it is easy to verify that there exists κ > 1 such that condition (18) is satisfied if and only if c 1 < 1 and 1 (1 − c 1 ) 2 < 1 0.4 √ 2 6 − 10 3 ln 1 1 − c 1 .
It follows that when c 1 ≤ 0.5757, system (20) is uniformly exponentially stable over {t k } ∈ S min (0.3) for any bounded impulse input delays {d k }.
In the following, we consider the case of c 1 = 0.6 and apply Theorem 1 to find the upper bound d of impulse input delays d k such that system (20) is uniformly exponentially stable over S min (β) for any d k ≤ d, k ∈ N.
One can verify that condition (H 3 ) is satisfied with ν = 1.6 2 , and for any ε > 0, condition (H 4 ) is satisfied with L 1 = 1 + ε and L 2 = 1 + 
CONCLUSION
In this paper, the Lyapunov approach has been utilized to tackle the problem of the effect of destabilizing and stabilizing delayed impulses on stability of impulsive timedelay systems. The main theoretical findings are the derived sufficient conditions for exponential stability of such systems under two different cases of impulse input delays. In the case when impulse input delays are small, the robust exponential stability can be guaranteed. In the case when impulse input delays are bounded, the exponential stability can be achieved in the presence of delayed impulses with sufficiently small magnitude. The proposed sufficient conditions of exponential stability have been verified by the numerical results.
